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Abstract: The article describes a developed technique of a numerical simulation of the stress-strain state of complex-reinforced elements, which allows you to create models of 
double-span continuous. The performed experimental and theoretical studies allowed us to carry out the testing of the developed design model and to justify the reliability of the 
proposed numerical simulation methodology. The results of the experimental studies were compared with those of the theoretical studies. The theoretical calculus algorithm was 
developed by using the finite element method. Theoretical calculations were performed by using the mathematical-graphical environment software system LIRA-SOFT and the 
mathematical and computer program MATLAB. On the basis of the experimental research, the iso-fields of displacements and stresses in the materials of an eccentrically 
compressed beam with a small bend of the slab were constructed, which collapse behind the inclined narrow strip of concrete and displacements and stresses in the materials of 
the eccentrically stretched beam, which is destroyed due to the yield of the upper mounting armature.  
 





One of the prominent factors in the design of beam-
reinforced concrete elements in a complex stressed state is 
the resistance of the supporting areas, which remains 
unexplained due to the static uncertainty of this task.  
The execution of experimental and theoretical studies 
with the aim of improving the existing and developing new, 
modern calculation models of complex stressed supporting 
areas of reinforced concrete elements is an important and 
actual task. At the same time, the application of the theory of 
plasticity, methods of the mechanics of deformation and 
destruction of the solid allow us to describe in detail the 
process of the deformation of experimental reinforced 
concrete elements. 
The purpose of the study–development, based on the 
experimental and theoretical research, was numerical 
modelling of the stress-strain state (SSS) of complicated 
elements using numerical nonlinear finite-element 
calculations. 
Today, the finite element method (FEM) [1] has taken the 
top position because of its obvious advantages, the possibility 
of bringing the problem to a system of linear or nonlinear 
algebraic equations. 
The theory of M. I. Karpenko [2-4] showed high 
efficiency in the programmable modeling of the work of 
reinforced concrete with cracks based on the FEM, which 
were generalized by the V. I. Murashov theory for the case 
of a complex stressed state [5]. Works by L. Prandtl [6], E. 
Ries [7], A. A. Ilyushin and many others were devoted to the 
studies of the plasticity of materials with their complex SSS. 
The theory of the plasticity of concrete and reinforced 
concrete proposed in [1] was substantially developed by A. I. 
Kozachevsky [8], V. M. Kruglov [9], S. F. Klovanich [10], 
V. I. Korsun [11] and others. Hereafter, M. I. Karpenko and 
his students developed the theory of small elastic-plastic 
deformations, in which concrete before and after the 
appearance of cracks is considered to be anisotropic. 
 
2 RESEARCH METHODOLOGY 
2.1 General Guidelines 
 
In accordance with the developed methodology of 
experimental research, the items listed below have been 
tested: 
- single-span beams of a rectangular cross-section with the 
dimensions of 100 × 200 mm with h0 = 175 mm, span l 
= 9∙h0 = 575 mm and shear span a/h0 = 1, 2, 3, made of 
the heavy concrete of classes C12/15, C20/25, C30/35, 
reinforced by two plain frames with the lower rebar 
2∅12, 14, 16 A500S, with the top rebar 2∅8, 10, 12 
A500S and with the transverse rebar 2∅3, 4, 5 Vr-I; 
- two-span continuous beams, respectively, b × h = 100 × 
180 mm with h0 = 155 mm, l = 8·h0, a/h0 = 1, 2, 3, 
C12/15, C20/25, C30/35, 2∅10, 12, 14 500S, 2∅10, 12, 
14 A500S, 2∅3, 4, 5 Vr-I. 
 
Single-span beams were tested for eccentrically 
stretching at Nst/(fck·b·h0) = 0.05; 0.2; 0.35, eccentric 
compression Nst/(fck·b·h0) = 0.2; 0.4; 0.6, in a numerical 
experiment, modelled using a deformation method based on 
the results of previous field experiments, on eccentric 
compression with Nst/(fck·b·h0) = 0.05; 0.2; 0.35. The 
eccentricity of the application of the longitudinal force was 
changed: e/h0 = −0.25; 0; +0.25. The continuous same beams 
were tested on the bending by two concentrated forces. 
For the experiment, power plants were manufactured 
according to the schemes [12]. 
Experiments were performed on five-factor, close to the 
properties of the D-optimal plan of type N5, which provides 
the same accuracy of the prediction of the experimental value 
in the area described by a radius equal to 1 relative to the 
central "0" point (Experiment No. 27), as well for two-factor, 
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three-level, close to the properties of the D-optimal, plan B2 
type for the study of eccentrically stretched beams [13]. 
2.2 Modelling of the Stress-Strain State of Reinforced 
Concrete Beams 
Concrete and reinforcement in the experimental samples 
work together, but have different physical and mechanical 
properties characterized by the non-linear dependence 
between the stresses and strains. In this regard, for the 
implementation of finite-element models of experimental 
reinforced concrete elements in the LIRA-SOFT PC, 
additionally, the tested complete concrete deformation 
diagrams were introduced according to the data of the NIISK 
(A. M. Bambura) and two-line diagrams of the reinforcement 
[14, 15]. 
Calculations were made by only one-half of the beam 
due to the symmetry of the experimental elements and loads. 
The beams were conditionally broken into spatial octogenic 
iso parametric finite elements No. 236 with the dimensions 
of 1 × 1 × 1 cm for the convenience of the modelling of the 
reinforcement, and considering that in real beams, a large 
aggregate was crumbled by granite gravel fraction 5-10 mm. 
The number of elements in the model of the acontinuous 
beam were - 19600, nodes - 22725; the conventional and 
eccentrically compressed beam, respectively, 15800 and 
18320. 
The calculations used a stepwise and stepwise-iterative 
method using the piecewise linear dependence of the library 
number 14 according to the corresponding algorithm: if the 
value of the generalized deformation goes beyond the given 
fractured line, then the exclusion of the material (𝐸𝐸𝑖𝑖 = 1) of 
the elementary plane from the cross section is modeled. In 
the performance of real and numerical experiments, at first 
stages, eccentrically compressed, stretched load was applied, 
and then – transverse load in the form of two symmetrically 
located concentrated forces. 
The adapted layered model of the deformation of the 
experimental elements and the execution of numerical 
experiments is realized in the MATLAB PC environment. 
According to [16], we adopt a deformation model of the 
beam in a discrete form: divide it into i-sections and j-layers 
up the height of a cross-section. Let us assume that the 
formed sites have the same SSS. The reinforcement of the 
stretched and compressed zones is tied to the cross-sectional 
faces at the level of the centres of gravity. The basis of the 
SSS simulation of the experimental beams is the traditional 
position for the deformation model. 
The modelling of the SSS of the experimental beams is 
performed by the following algorithm: 
1) Initial information is entered.
2) The geometric characteristics of the beam's cross-
sections are determined by taking into account the real
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where Ecij(t), Esi, siE′ – cross-sectional deformation 
modules, respectively concrete, stretched and 
compressed reinforcement, which before the load are 
accepted as equal to the initial deformation modules; Acij
– area of the jth layer of the ith section of the beam; yij –
distance from the compressed side of the beam to the 
centre of the gravity of the jth layer of the ith section of 
the beam. 
3) The initial coordinate of the pole of the longitudinal force
N is determined.
0 0 .0 ( )2P i ac
hy y e e = − ± +  
                                      (5)
where е – eccentricity of applying a longitudinal 
stretching or compression force; е0ac. – accidental 
eccentricity,  
0 . 30ac
he =  (6) 
4) The stage of the load is given with the subsequent
increase in the given magnitude of the longitudinal
compressive (stretching) force ΔN = 0.1[Nadm]  to a given
or admissible value. For a continuous element, we define
the transverse force with its subsequent increase on ΔV,
and determine the corresponding spans and support
moments and the transverse forces on the medium
support. Before the appearance of a plastic hinge on the
medium support, these moments are counted on a non-
deformed scheme, according to the methods of
construction mechanics.
The support and span moments are accepted:
Мsup = −0,236 V; Мsup = −0,205 V; Мsup = −0,130V   (7)
Мsp = 0.143 V; Мsp = 0.079 V; Мsp = 0.022 V.  (8) 
At this stage of the work of a continuous beam, the value
of the transverse force on the medium support to the right
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With the appearance of a plastic hinge over the middle 
support, the support moment reaches the maximum 
possible value of Msup = [Msup], which can be sustained 
by the concrete cross-section over the support. 
Furthermore, there is a redistribution of internal forces 
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where [Msp] – the maximum admissible value of the span 
moment; d - the distance from the first support to the line 
of action of the concentrated force; a - is the distance 
from the line of action of the concentrated force to the 
medium support. 
The transverse force on the support is determined 
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5) The deformations of concrete and reinforcement in the 
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where yN(x) – additional deflection or bend of the ith 
section, due to the longitudinal force N, which is 
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where ρmNi – a coefficient that takes into account the 
effect of the moment on the longitudinal force N (or the 
effort of the previous tension) on the magnitude of its 
bend or buckling. It is determined by the length of the 
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6) If deformations in concrete and reinforcement do not 
exceed the maximum admissible values, then we 
remember them. Through this value, we determine the 
stresses according to the diagrams of the σ-ε concrete and 
reinforcement. Then we perform the correction of the 
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Next, we determine the geometric characteristics of the 
beams' cross-sections for the specified values of the 
modules of the deformation of the cross-sections 
(EA)red,i, (EI)red,i. 
7) Through the corrected geometric characteristics, specify 
the values of the deformations of concrete and 
reinforcement and compare them with the previous 
values. If their values are close (no more than 1% 
inaccuracy), then at this stage, the SSS of the beams is 
revealed and you can go to the definition of deflections 
and other parameters of the workability of the 
experimental beams. 
8) According to the author's improved technique [14], we 
determine the size of the shear bearing capacity of the 
inclined cross-sections [Vult] of the experimental 
reinforced concrete beams. 
9) After reaching the given or admissible value of the 
longitudinal stretch force [Nadm], we turn to the 
consideration of the change of the SSS in the process of 
the proportional loading of a single-span beam by 
symmetrically disposed transverse forces F to the 
destruction of the element per a normal or inclined crack. 
10) Determine the values of the bending moment and 
transverse force along the length of the beam. 
11) Through the Eqs. (13)-(16), we determine the 
deformation of concrete and reinforcement, and also 
specify the coordinate of the pole of the force [Nadm], 
taking into account an additional bending due to the 
action of transverse and longitudinal forces, 
 
,0Pi P tot iy y y= +                      (22) 
 
where ytot,i – a complete deflection, which is defined as 
the algebraic sum of deflections due to bending 
deformations from the transverse and longitudinal 
loading, as well as the shear deformations: 
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where ρmMi - a coefficient that takes into account the 
influence of the bending moment on the deflection of the 
beam in this cross section. It is counted within the shear 
span. 
12) At each stage, the values of the increasing transverse
force V near the medium support for the two-span beam
and the destructive force Vult are compared. If V ≥ Vult,
then this means that the external load has reached a value 
at which the beam can be destroyed on the medium 
support section along the inclined cross-section. 
3 RESULTS 
The results of the numerical implementation of the 
experiments of an ordinary one-span (test task), eccentrically 
stretched and compressed, as well as the continuous 
reinforced concrete beams (five-factor experiments) are 
presented in Tab. 1. 
Table 1 Destructive loading of experimental elements 
№№ 
Eccentrically-compressed beams Eccentrically stretched beams Continuous double-span beams 
exp.
lV LIRA-SOFT MATLAB 
exp.
lV LIRA-SOFT MATLAB 
exp.
lV LIRA-SOFT MATLAB 
1 77 82 77 19,5 22 21 118 130 112 
2 117 123 120 43,1 53 45 140 140 121 
3 124 127 123 136,7 140 135 103 115 95 
4 57 57 54 48,8 51 49 60 70 50 
5 135 142 137 32,0 48 34 193 205 165 
6 69 70 69 13,8 23 16 91 100 61 
7 65 70 62 54,4 56 54 64 80 60 
8 106 114 106 155,3 102 146 82 90 85 
9 140 145 140 65,2 79 78 139 150 171 
10 50 58 49 13,5 22 9 83 90 88 
11 63 71 62 42,8 52 43 88 95 62 
12 108 112 110 122,6 128 121 118 130 80 
13 144 150 146 143,3 145 131 165 170 169 
14 54 58 54 48,5 52 49 68 85 62 
15 59 62 57 9,8 10 3 93 105 90,5 
16 104 111 105 54,0 70 67 99 115 92 
17 50 66 60 38,3 44 37 83 95 85 
18 133 137 123 101,6 102 102 130 145 145 
19 95 101 97 55,7 63 55 100 110 115 
20 81 88 79 55,6 61 55 80 80 76 
21 93 97 91 59,5 62 59 91 105 101 
22 84 89 86 51,3 57 51 89 100 88 
23 96 102 93 18,0 27 20 102 105 112 
24 85 92 88 76,9 70 77 78 85 86 
25 102 105 93 50,1 53 50 104 105 109 
26 74 87 83 60,0 66 61 76 85 97 




συ = ⋅ 12 5.7 18 6.4 11.8 6.6 
The use of this finite element calculation allows you to 
simulate the SSS of test beams at all stages of operation, up 
to destruction. 
A sequential analysis of the iso-fields of the 
displacements and stresses (Figs. 1, 2) in the materials of 
real construction allows us to estimate the influence of the 
investigated factors and the factors of external influence on 
their bearing capacity, to predict the character of further 
deformations and destruction. 
It was found that the stresses in transverse reinforcement 
reach, on average, 58% of the yield strength. Due to the two-
axial compression of the concrete in the supporting area, 
strengthening is observed (in relation to the prism), on 
average, it is 22%, and its bearing capacity, respectively, is 
43%. After the formation of the so-called "plastic hinge" 
over the medium support of the continuous beam with an 
increasing load, there is a known redistribution of moments 
(within the limits of 20 ... 30%) with the growth of the latter 
in the spans and the destruction of their supporting areas is 
completed by the achievement of all transverse 
reinforcement of the yield limit. The destruction, practically, 
of all continuous double-span beams occurred due to the 
punching shear over the middle support with the achievement 
of compressive stresses in concrete under the concentrated 
forces and over the support, respectively, σcx ≅ 0.72fck and 
1.03fck, σcz ≅ 0.96fck  and 0.66fck, τcxz ≅ 0.47fck with x = l – 
a…l. 
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Figure 1 Iso-fields of the displacement and stresses in the materials of an 
eccentrically compressed beam with a small shear span which collapses per 
inclined compressed concrete strip (Experiment 8). 
 
 
Figure 2 Iso-fields of the displacement and stresses in the materials of an 
eccentrically stretched beam which is destructed by the yielding flow of the upper 




The numerical modelling methodology of the SSS of 
complex-reinforced concrete elements with the help of a 
numerical nonlinear finite-element calculation based on the 
general mechanics of reinforced concrete is developed. The 
finite-element calculation was used to model the stress-
strain state of the experimental beams at all stages of 
operation, up to destruction. 
The adequacy of this method is confirmed by its 
comparison with the results of the conducted field 
experiments to determine the bearing capacity of an 
ordinary single-span, eccentrically stretched and 
compressed beam, as well as continuous reinforced concrete 
beams. Research have found that the stresses in armatures 
reach 58% of the limit of release. In the support area, the 
reinforcement averaged 22% and its bearing capacity was 
43%. 
The destruction of all continuous double-span beams 
occurred due to the punching shear over the middle support 
with the achievement of compressive stresses in the 
concrete. Theoretical calculations by using the PC LIRA-
SOFT and MATLAB showed convergence with the 
experimental data in the range of the coefficient of variation 
of 6 ... 11.8%. 
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